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We consider the initial value problem for the fourth-order non-linear Schrodinger-type
equation (4NLS) which describes the motion of an isolated vortex lament. In the rst part
of this note we review some recent results on the time local well-posedness of (4NLS) and give
the alternative proof of those results. In the second part of this note we consider the stability
of a standing wave solution to (4NLS) for the completely integrable case.
x 1. Introduction
This is a joint work with Masaya Maeda. In this note we consider the initial value





x = N ( ; ; @x ; @x ; @2x ; @2x ); (t; x) 2 R2;
 (0; x) = (x); x 2 R;(1.1)
where (x) : R! C is a given function and  (t; x) : R2 ! C is the unknown function.
The nonlinear term N is given by
N ( ; ; @x ; @x ; @2x ; @2x ) = 1j j2 + 2j j4 + 3(@x )2 + 4j@x j2 
+5 
2@2x + 6j j2@2x ;
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where º 6= 0 and ¸j (j = 1; ¢ ¢ ¢ ; 6) are real constants. The equation (1.1) describes
the three dimensional motion of an isolated vortex ¯lament embedded in an inviscid
incompressible °uid ¯lling an in¯nite region. This equation is proposed by Fukumoto-
Mo®att [5] as some detailed model taking account of the e®ect from the higher order
corrections of the Da Rios model (cubic nonlinear SchrÄodinger equation)
i@tÃ + @2xÃ = ¡
1
2
jÃj2Ã; (t; x) 2 R2:(1.2)
For the physical background of (1.1), see Fukumoto [4].
In this note we consider the well-posedness of the initial value problem (1.1) and
the orbital stability of standing wave solutions to (1.1). Our notion of well-poseness
contains the existence and uniqueness of the solution, and the continuity of the data-
to-solution map. By standing wave solutions, we mean a solution of (1.1) with the form
Ã(t; x) = ei!t'(x), where ! 2 R and ' is a real-valued function.
Concerning the local well-posedness of (1.1) in the usual Sobolev space Hs(R), we
proved in [17] that the initial value problem of (1.1) is locally well-posed in Hs with
s ¸ 1=2 under the condition that º < 0 and ¸6 = 0. Later on Huo-Jia [8] obtained the
same results when º > 0 and ¸6 = 0. Furthermore, in [18] we proved the well-posedness
of (1.1) in Hs with s > 7=12 when º < 0 without the condition ¸6 = 0. Recently
Huo-Jia [9] extended the previous works to Hs with s > 1=2 without any restriction on
the coe±cients. Summing up the previous results, we have the following theorem.
Theorem 1.1 (Huo-Jia [8, 9], Segata [17, 18]). Let s > 1=2. For any Á 2 Hs(R),
there exists T = T (kÁkHs) > 0 and a unique solution Ã of (1.1) satisfying
Ã 2 C([0; T ];Hs(R)) \XT ;
where XT is de¯ned by (2.12). Moreover, for any R > 0, the map Á 7! Ã(t) is Lipschitz
continuous from the ball fÁ 2 Hs(R); kÁkHs < Rg to C([0; T ];Hs(R)).
To prove the well-posedness of (1.1) they applied the Banach ¯xed point theorem
to the corresponding integral equation in the Fourier restriction space introduced by
Bourgain [1]. The Fourier restriction space is a completion of the Schwartz space with
respect to the norm
kÃkXs;b = kh¿ + »2 ¡ º»4ibh»is bÃ(¿; »)kL2»L2¿ (R2);
where h»i =p1 + j»j2 and bÃ(¿; ») is the space-time Fourier transform of Ã(t; x).
The Fourier restriction norm re°ects the algebraic structure of the symbol of the
associated linear operator i@t + @2x + º@
4
x. Thanks to this fact, the Fourier restriction
space is very useful to prove the well-posedness of the nonlinear dispersive and hyperbolic
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equations in the lower order Sobolev spaces. However very complicate calculation is
needed to obtain the nonlinear estimates in the Fourier restriction space.
The ¯rst purpose in this paper is to give an alternative proof of Theorem 1.1
simpler than the Fourier restriction method. Our proof for Theorem 1.1 also relies on
the Banach ¯xed point theorem via the corresponding integral equation. However we
use the space-time norm de¯ned by
kÃkXT = kÃkL1t (0;T ;Hsx(R)) + auxiliary norms:
instead of employing the Fourier restriction norm.
The di±culty to prove the well-posedness for (1.1) comes from the second order
derivatives of Ã in the nonlinear term N . Due to this di±culty we cannot apply the
classical energy method. We overcome this \loss of a derivatives" by making use of the
Kato local smoothing e®ect obtained by Kato [10] and Kenig-Ponce-Vega [13].
However the simple combination of the contraction principle and the Kato local
smoothing e®ect only implies that (1.1) is locally well-posed in Hs for s > 1 (see
Section 2 below). In order to guarantee the local well-posedness of (1.1) for Hs with
s · 1, we combine above two tools with the restriction lemma due to Christ-Kiselev [3]
(see Lemma 2.1 below).
The Christ-Kiselev lemma allows one to reduce the \retarded" estimate from the
\non-retarded" one. By using this lemma we can obtain better estimates for the inho-
mogeneous terms which are the crucial estimates to prove Theorem 1.1. We note that
in Theorem 1.1 we do not impose any restriction condition on the coe±cients. It will
be clear from our proof below how to extend those results to more general nonlinear
dispersive equations.
From Theorem 1.1, it is natural to consider the following question: Is (1.1) well-
posed in Hs with s · 1=2? To answer this question, we consider the completely inte-
grable case of (1.1):













This corresponds to (1:1) with ¸1 = ¡1=2, ¸2 = ¡3º=8; ¸3 = ¡3º=2, ¸4 = ¡º; ¸5 =
¡º=2 and ¸6 = ¡2º. In this case, (1.3) has the following two parameter family of
solutions
ÃN;°(t; x) = 2°1=2eitf°+º°
2¡(1+6º°)N2+ºN4geixN
£sech(°1=2(x¡ ((2 + 4º°)N ¡ 4ºN3)t)); N 2 R; ° > 0;
which have been obtained by Hoseini-Marchant [7]. By using this special solution we
can obtain the following theorem:
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Theorem 1.2. For s 2 (¡1=2; 1=2), the data-to-solution map associated to (1.3)
Hs ! C([0; T );Hs)(Á 7! Ã(t)) is not uniformly continuous. That is,
9² > 0 9R > 0 s:t: 8± > 0 8T > 0 9Á1; Á2 s:t:jjÁ1jjHs · R; jjÁ2jjHs · R;
jjÁ1 ¡ Á2jjHs < ± and jjÃ1(T )¡ Ã2(T )jjHs ¸ ²;
where Ã1(t), Ã2(t) are solutions of (1.3) with Ã1(0) = Á1, Ã2(0) = Á2.
A by-product of the contraction mapping principle provides the Lipschitz continuity
of data-solution map. Therefore, Theorem 1.2 tells us that one cannot solve the initial
value problem (1.3) by a contraction mapping principle implemented on the integral
equation for the initial data in Hs with ¡1=2 < s < 1=2.
Remark. Although Theorem 1.2 does not cover the lower order case s · ¡1=2,
we believe that same conclusion holds for this range. Furthermore, we believe that
(1.1) is truly ill-posed for s < ¡1=2. Indeed, Kenig-Ponce-Vega [14] proved that the
nonlinear SchrÄodinger equation (1.2) cannot have a unique solution starting from the
delta function. This implies the ill-posedness of (1.2) in Hs with s < ¡1=2. The
ill-posedness question for (1.1) in the lower order case is an issue in the future.
Remark. In [17] and [8], it was proved that if we assume the strong restriction
¸6 = 0, then (1.1) is locally well-posed in H1=2. So far we do not know whether (1.1) is
well-posed in Hs with s = 1=2 for the case ¸6 6= 0.
Next we consider the orbital stability of the standing wave solution. We continue
to consider the completely integrable equation (1.3). The standing waves of (1.3) is
explicitly given by
Ã(t; x) = ei!t'°(x); '°(x) = 2°1=2sech(°1=2x):
where ° is positive solution to the quadratic equation º°2 + ° ¡ ! = 0. The equation
(1.3) has further advantage that (1.3) admits in¯nitely many conservation quantities.
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Pm(Ã;Ã; ¢ ¢ ¢ ; @m¡1x Ã; @m¡1x Ã)dx; m 2 N;
where Pm is a polynomial. Therefore combining Theorem 1.1, the conservation laws
and the Gagliardo-Nirenberg inequality, we easily see that (1.3) is globally well-posed
in Hm with m 2 N. We notice that when (1.3) is not completely integrable, we do not
know whether (1.3) is globally well-posed or not.
There are two main approaches to prove the stability of the standing wave solutions,
the method based on the study of a linearized Hamiltonian around the standing wave
(see for instance, Grillakis-Shatah-Strauss [6]), and the purely variational methods which
is developed by Cazenave-Lions [2].
Concerning the former approach, the linearized Hamiltonian around the '° associ-
ated to (1.3) is very complicate and it is di±cult to get any information on its spectrum.
On the other hand, the standing wave solution ei!t'°(x) has ¯ne variational character-
izations (see Proposition 4.1 below). Thanks to this characterization, we can employ
the latter approach and obtain the following theorem.
Theorem 1.3. The standing wave solution ei!t'°(x) to (1.3) is orbitally stable
in Hm with m 2 N in the following sense: for all " > 0 there exists ± > 0 such that for
all Á 2 Hm with
inf
µ2R;y2R
jjÁ¡ eiµ'°(¢+ y)jjHm < ±;






kÃ(t)¡ eiµ'°(¢+ y)kHm < ":
The plan of this note is as follows. In sections 2 and 3, we give outline of proof for
Theorem 1.1 and Theorem 1.2, respectively. In Section 4, we describe the sketch of the
proof for Theorem 1.3.
We close this section by introducing several notations and function spaces which
will be used throughout this note. Dsx = (¡@2x)s=2 and hDxis = (I ¡ @2x)s=2 denote the
Riesz and Bessel potentials of order ¡s, respectively. Let fW (t)gt2R be the unitary










where Á^(») is the Fourier transform of Á with respect to x variable. k ¢ kLpTLqx and
k ¢ kLqxLpT denote the space-time norms de¯ned by
kÃkLpTLqx = kkÃ(t; ¢)kLqx(R)kLpt (0;T );
kÃkLqxLpT = kkÃ(¢; x)kLpt (0;T )kLqx(R):
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x 2. Well-posedness for 4NLS
In this section we guarantee the time local well-posedness for (1.1). For simplicity
of the exposition we consider the initial value problem(
i@tÃ + @2xÃ + º@
4
xÃ = jÃj2@2xÃ; (t; x) 2 R2;
Ã(0; x) = Á(x); x 2 R:(2.1)
The problem (2.1) is rewritten as the integral equation




where fW (t)gt2R be the unitary group generated by the linear operator i@2x + iº@4x.
We prove the existence of the solution to (2.2) in the short interval [0; T ] by using the
Banach ¯xed point theorem for suitable function space. For the simplicity, we asume
0 < T < 1.
As already mentioned in Section 1, the di±culty to prove the local well-posedness
comes from the second derivatives of the unknown function in the nonlinear term. To
overcome this di±culty we employ the Kato local smoothing e®ect due to Kato [10] and
Kenig-Ponce-Vega [13]:




W (t¡ ¿)F (¿)d¿kL1x L2T ·CkFkL1xL2T (inhomogeneous type):(2.4)












The estimate (2.5) tells us that the inhomogeneous term gains extra smoothness in x
of order 2 in L1x L
2
T . Thanks to this gain of the regularity, we can overcome the loss
of second order derivatives in the nonlinearity. Therefore combining the contraction
mapping principle and the Kato local smoothing e®ect we guarantee the time local
well-posedness for (2.1). To this end, we prove that the map




is a contraction on suitable function space. Taking into account of the smoothing e®ect
we introduce the function space
XT = fÃ 2 C([0; T ];Hs(R)); kÃkXT <1g;
kÃkXT = kÃkL1T Hsx + kDs+3=2x ÃkL1x L2T + auxiliary norms:
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By using the inequality (2.5), we have
k©ÃkL1T Hsx + kDs+3=2x ©ÃkL1x L2T
·CkÃkHsx + CT 1=3kDs¡1=2x (jÃj2@2xÃ)kL3=2x L2T + `:o:t:
·CkÃkHsx + CT 1=3kjÃj2Ds+3=2x ÃkL3=2x L2T + `:o:t:
·CkÃkHsx + CT 1=3kÃk2L3xL1T kD
s+3=2
x ÃkL1x L2T + `:o:t:
To close this estimate, we have to evaluate L3xL1T norm for a solution. This type of
the estimates are called the estimates for \maximal functions". As in the proof of







kW (t)ÁkL2xL1T ·CkÁkH1+x ;(2.7)
kW (t)ÁkL4xL1T ·CkÁkH1=4x :(2.8)
Interpolating (2.7) with (2.8), we obtain L3xL
1
T estimate





W (t¡ ¿)F (¿)d¿kL3xL1T · CkFkL1TH1=2+x :(2.10)
With that in mind, we modify XT as
kÃkXT = kÃkL1T Hsx + kDs+3=2x ÃkL1x L2T + kÃkL3xL1T + auxiliary norms:
By the inequality (2.10), we have
k©ÃkL3xL1T ·CkÃkH1=2+x + CkD
1=2+




















+ CT 1=2kÃk2L4xL1T kD
5=2+
x ÃkL1x L2T + `:o:t:
Therefore if 5=2+ · s + 3=2, that is s > 1, then we can control the last term by XT
norm. Hence above method yields the time local well-posedness for Hs with s > 1. To
guarantee the well-posedness for Hs with 1=2 < s · 1, we need to re¯ne the method
mentioned above. To this end we employ the restriction lemma essentially due to Christ-
Kiselev [3]. The version of this lemma that we use is the one presented in Kenig-Koenig
[11, p.883].
8 Segata Jun-ichi




















· CkFkLq2x Lp2T :
By using the Christ-Kiselev lemma and the duality argument we obtain the re¯ned
version of (2.10) for the inhomogeneous term.
Lemma 2.2.°°°°Z t
0





· CT 1=3(khDxi0+FkL3=2x L2T(2.11)
The constants in (2.11) are independent of T .
Proof of Lemma 2.2. See [19, Lemma 2.4]
Combining the local smoothing e®ect and Lemma 2.2 we obtain the desired result.
Although we omit the estimate for the lower order terms, to justify all estimates,
we need to modify XT as follows:











































See [19, Section 3] for the detail. The continuous dependence on the initial data follows
from the standard argument. This completes the proof of Theorem 1.1.
x 3. Lack of uniform continuity of solution map
In this section we prove the lack of uniform continuity of solution map associated
to (1.3) following Kenig-Ponce-Vega [14].
Proof of Theorem 1.2. We construct two solutions Ã1 and Ã2 to (1.3) satisfying
the following properties: There exists ² > 0 such that for arbitrary T > 0 and ± > 0,
jjÃ1(0)¡ Ã2(0)jjHs < ± and jjÃ1(T )¡ Ã2(T )jjHs ¸ ² > 0.
On the fourth-order non-linear SchrÄodinger-type equation 9
To construct such functions we introduce the two parameter family of solutions to
(1.3) which have been obtained by Hoseini-Marchant [7]:




£sech(° 12 (x¡ ((2 + 4º°)N ¡ 4ºN3)t)):
We take
Ãj(t; x) = ÃNj ;°(t; x); j = 1; 2;
where
° = N¡4s; N1 = N; N2 = N ¡ ±N¡2s; N À 1:
Firstly we give an upper bound for jjÃ1(0)¡ Ã2(0)jjHs . From the de¯nition of Ãj ,
Ãj(0; x) = 2N¡2sj e
ixNj sech(N¡2sj x); j = 1; 2:
By this expression we obtain
kÃ1(0)¡ Ã2(0)kHs(R) » NsjN1 ¡N2j°¡1=4 = ±:
Next we give a lower bound for jjÃ1(T )¡Ã2(T )jjHs . We notice that ÃNj ;° concentrates
on fx; jx¡ ((2 + 4º°)Nj ¡ 4ºN3j )tj < °¡1=2g. Therefore if
j((2 + 4º°)N1 ¡ 4ºN31 )T ¡ ((2 + 4º°)N2 ¡ 4ºN32 )T j À °¡1=2;(3.1)
then the interaction between Ã1(T ) and Ã2(T ) is negligible and we can evaluate as
kÃ1(T )¡ Ã2(T )kHs » kÃ1(T )kHs + kÃ2(T )kHs » Ns°1=4 = C ´ ²:(3.2)
On the other hand, a simple calculation yields
j((2 + 4º°)N1 ¡ 4ºN31 )T ¡ ((2 + 4º°)N2 ¡ 4ºN32 )T j
= T jN1 ¡N2jj2¡ 4º(N21 +N1N2 +N22 ) + 4º°j
»CT jN1 ¡N2jN2 = ±TN2¡2s:





±TN2¡2s À N2s = °¡1=2
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and (3.1) holds. Therefore we obtain (3.2). This violates the uniform continuity and
completes the proof of Theorem 1.2.
x 4. Stability of standing waves
In this section, we prove the orbital stability of the standing waves for ei!t'°(x).
To prove the stability, we use the variational characterization of ei!t'°(x) which is due
to Cazenave-Lions [2].
Proposition 4.1. LeteG® = fÃ 2 H1; I0(Ã) = ®; I1(Ã) = inf
I0( ~Ã)=®
I1( ~Ã)g;
where I1 and I2 are de¯ned by (1.4) and (1.6), respectively. Then, we haveeG4°1=2 = feiµ'°(¢+ y); µ; y 2 Rg:
Furthermore, let Ãn satisfy I0(Ãn) = 4°1=2 and I1(Ãn) ! I1('°). Then, there exist a
subsequence Ãnk and µ; y 2 R such that Ãnk ! eiµ'°(¢+ y) in H1.
We prove theH1 stability of the standing wave ei!t'°(x) by contradiction argument
due to [2].
Proof of Theorem 1.3. Firstly, we prove the H1 stability. Suppose, ei!t'° is
unstable in H1. Then, there exist ± > 0, Án 2 H1 and tn 2 R+ such that
inf
µ;y2R
jjÁn ¡ eiµ'°(¢+ y)jjH1 ! 0; inf
µ;y2R
jjÃn(tn)¡ eiµ'°(¢+ y)jjH1 > ±;
where Ãn is the solution of (1.3) with the initial data Ãn(0) = Án. Since I0, I1 are
conserved under the °ow of (1.3), we have jjÃn(tn)jjL2 = jjÁnjjL2 and I1(Ãn(tn)) =
I1(Án). Therefore, by Gagliardo-Nirenberg's inequality, we have




· 2I1(Án) + Cjj@xÃn(tn)jjL2 jjÁnjj3L2 :





Then, jj ~ÃnjjL2 = jj'° jjL2 . Furthernore
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Since jjÁnjjL2 ! jj'° jjL2 , I1(Án) ! I1('°) and Ãn(tn) are bounded in H1 and L4, we
have I1( ~Ãn)! I1('°).
Therefore, by Proposition 4.1, there exists a subsequence ~Ãnk such that ~Ãnk !
eiµ'°(¢ + y) 2 eG4°1=2 in H1 for some µ; y 2 R. However, this is a contradiction with
the assumption and completes the proof of Theorem 1.3 for m = 1. For m ¸ 2, Hm
stability of the standing waves for ei!t'°(x) follows from the induction argument. See
[16] for the detail.
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